The problem governing the transient deformation of an elastic cantilever beam with viscoelastic coating, subjected to a time-dependent coating eigenstrain, is mathematically formulated. An exact solution for an exponential eigenstrain history is obtained in terms of the coating and base layer thicknesses, the elastic modulus of the base material, the initial coating modulus, the coating relaxation percentage (0% to 100%), and the time constants of the coating's relaxation process and its eigenstrain history. Approximate formulae valid for thin coatings are also derived to provide insight into system behavior. Main results include (1) the time-histories of the beam curvature and the coating stresses; (2) a criterion governing the response type (monotonic or "overshoot" response); and (3) simple expressions for the overshoot ratio, defined as the peak response scaled by the steady-state response, and the time at which the peak response occurs.
I. INTRODUCTION

A. Background
In recent years the development of microcantilever (MC)-based chemical and biochemical sensors has created another important application area for theoretical models for understanding the deformation of coated beams. These sensors may be operated in a dynamic (resonant) or static mode. 1, 2 In the case of dynamic mode operation, the change in mass associated with the sorption of analyte into the selective beam coating causes a shift in resonant frequency, which may be correlated to the ambient concentration of the target substance. For the static-mode case, the sorption of analyte causes a quasi-static curvature that is often induced by the tendency of the coating to expand upon analyte sorption, not unlike the behavior of a bimetallic strip subjected to temperature change. In this mode of operation the objective is to correlate the quasi-static MC sensor response (deflection) to the ambient analyte concentration;
this, of course, requires a sufficiently accurate model of the coated-beam deformation.
When the coating material may be modeled as elastic (the case for most metals), the modeling of beam deformation (dynamic or static) is relatively straightforward. For the dynamic mode, the equivalent flexural rigidity of the elastic composite may be calculated using the concept of a transformed section 3 and this property may then be utilized in conjunction with classical solution methods for elastic cantilever beam vibrations. 4 Complications associated with elastic beam vibrations in a fluid medium have also been taken into consideration. 5 For staticmode operation of MC chemical sensors, classical results such as Stoney's equation 6 
and
Timoshenko's bimetallic strip solution, 7 as well as several extensions of these results, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] may be applied; however, most of these solutions are based on the assumption that the coating is elastic.
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In many cases of practical interest the coating material utilized in MC-based chemical sensors is a polymer, for which an elastic material model might not be sufficient due to the energy dissipation that occurs during polymer deformation. To account for these energy losses, polymers are often modeled as viscoelastic. 19, 20 The incorporation of coating viscoelasticity into dynamic-mode models of MC sensors is relatively simple. Once the effective complex flexural rigidity of the composite section is determined by one of several existing methods, [21] [22] [23] one may utilize an appropriate form of correspondence principle for steady-state harmonic vibrations 24 to convert a dynamic solution for an elastic beam to the corresponding viscoelastic solution. 25 However, for the static mode the effects of coating viscoelasticity are not handled as easily.
To the authors' knowledge, analytical solutions analogous to the classical elastic bi-layer beam solutions of Stoney and Timoshenko do not exist for the case in which one of the layers is
viscoelastic, yet such a solution is precisely what is needed to account for the viscoelasticity of polymer coatings in static-mode MC sensors. Moreover, as illustrated in Fig. 1 , experimental data for polymer-coated, static-mode MC sensors may exhibit either a monotonic transient response or one that "overshoots" the steady-state deflection. 1, 26, 27 While the latter behavior is inconsistent with that predicted by elastic models during sorption, it may be explained by stress relaxation effects associated with coating viscoelasticity. This observation provides the motivation for the present study, whose goals are (1) to present a rigorous derivation of the initial-value problem governing the deformation of an elastic cantilever beam with viscoelastic coating, subjected to an arbitrary coating "eigenstrain" history, and (2) to derive analytical solutions for the practical case in which the coating eigenstrain approaches its steady-state value exponentially in time, with a step function being included as a special limiting case.
In this paper the term "eigenstrain" is used to denote any stress-free straining that the coating would experience if it were not constrained by the base layer. While the physical source of the eigenstrain in static-mode, MC-based chemical sensors is analyte sorption, other sources of eigenstrain could include temperature change, hygroscopic swelling, phase transformation, misfit strains, etc. 28, 29 Therefore, the mathematical formulation and analytical solutions presented herein are of fundamental interest and need not be restricted to the modeling of MCbased chemical sensors.
B. Related Work
In a recent paper by the authors 30 the problem of a static-mode MC sensor with viscoelastic coating was formulated and solved using a numerical approach. Because the focus of that paper was to model the beam deformation caused by an arbitrary time-history of ambient analyte concentration, including the modeling of sorption kinetics, coating viscoelasticity, and concentration-dependent coating plasticization, the formulation presented in the earlier paper was necessarily more general than that of the present work. As a result, a numerical solution of the governing equations was required.
Unlike the authors' recent work, the primary goal of the present paper is to derive analytical (closed-form) solutions to the problem of interest as such solutions (a) may provide insight into the specific roles that the various system parameters play in determining the response of viscoelastically coated beams, and (b) may serve as valuable benchmark solutions (e.g., for verifying numerical solution techniques). To this end, the problem of transient beam deformation will be formulated by assuming that the coating eigenstrain is specified a priori. (In the case of MC chemical sensor applications, this would require a theoretical understanding or experimental characterization of the sorption kinetics and the sorption-induced expansion associated with the analyte/coating pair.) In addition, the governing initial value problem (IVP) will be formulated in dimensionless form in order to minimize the number of independent parameters appearing in the analytical results and in the corresponding plots that are generated to display the system behavior.
C. Specific Objectives of Present Study
The specific objectives of this study are (a) to mathematically formulate the problem of determining the response (i.e., stress, strain, curvature, and deflection histories) of a cantilever beam with viscoelastic coating when the coating is subjected to an arbitrary eigenstrain history;
(b) to derive an "exact" analytical solution and an approximate "thin-coating solution" for the system response when the coating eigenstrain increases exponentially in time to its steady-state value; (c) to utilize the thin-coating solution to develop a simple "overshoot criterion" that may be used to predict if an overshoot (i.e., non-monotonic) response will occur; and (d) to derive simple expressions to quantify the magnitude of the overshoot and the time at which the peak response occurs. Applications of the results that are relevant to MC-based chemical sensors will also be discussed.
II. PROBLEM STATEMENT
Consider an elastic cantilever beam of rectangular cross section coated with a viscoelastic layer (Fig. 2) . The coating is subjected to a uniform eigenstrain history, , and the mechanical behavior of the coating is taken to be that of a three-parameter viscoelastic solid. τ , all three of which will be explained subsequently. The only load on the system is the coating eigenstrain . The time-dependence of the solution will arise due to the timedependence of both the eigenstrain and the creep/relaxation behavior of the viscoelastic coating material.
Of particular interest in this study is the derivation of an overshoot criterion for determining what combinations of problem parameters will result in a beam response that exhibits an overshoot phenomenon. Moreover, in order to quantify the overshoot, expressions will be derived for (a) the "critical time" at which the peak curvature (or deflection) occurs and (b) a response parameter referred to as the "overshoot ratio," defined as
i.e., the ratio of the maximum beam curvature to the steady-state curvature. Definition (1) implies that a monotonically increasing curvature (no overshoot) would result in OSR=1, while for a response exhibiting overshoot, the value of the OSR would exceed unity and its value would characterize the magnitude of the overshoot.
III. FORMULATION OF INITIAL VALUE PROBLEM
A. Assumptions
The mathematical formulation of the title problem will be based on the following assumptions: (1) Planar cross sections remain planar and normal to the deformed beam axis (2) The base material is elastic, while the in-plane behavior of the coating material is assumed to be that of a three-parameter viscoelastic solid; 19 ( 3) The coating eigenstrain is uniform, has a specified time-history, and is isotropic within the x -y plane (Fig. 2) ; (4) Perfect bond exists between coating and base layer (a result that follows from Assumption (1)); (5) The beam is initially straight and in a state of zero stress and strain prior to the introduction of the coating eigenstrain; (6) Edge effects due to the clamped support at 0 x = and the traction-free surfaces at x L = and 2 y b / = ± are not considered (Fig. 2 ). (As a result, the stress distributions derived herein are not expected to include localized effects near the free end of the cantilever, but these effects are assumed to have a negligible effect on the beam curvature and deflection for sufficiently long beams.); (7) Inertial effects are negligible.
B. Derivation of Governing Equations
For completeness and clarity, a summary of relevant portions of the authors' previous derivation 30 of the governing equations will be given in the present section. As a direct result of the Bernoulli-Euler assumption, the total longitudinal strain on the beam cross section, ) , ( t z tot ε , will vary linearly along the beam depth and be related to the beam curvature, ) (t κ , as follows:
where z is measured downward from the interface and n(t) denotes the value of z corresponding to the neutral-axis position at time t (Fig. 2) . Equation (2) is based on the convention that positive curvature is concave downward (downward cantilever deflection). The neutral axis is defined to be the locus of points on the cross section for which tot ε vanishes. This total strain may be decomposed into the (stress-free) eigenstrain and the stress-related strain, denoted by
Employing the assumptions that only the coating is subjected to an eigenstrain and that this eigenstrain is uniform, Eqs. (2) and (3) result in
is the specified eigenstrain. It can be shown that the strain distribution of Eqs. (4a, b) implies a bilinear stress distribution of the form
where and are the stresses at the bottom and top of the coating. Note that the biaxial modulus,
− , has been used in Eq. (5b) to reflect the stiffening effect associated with plate behavior, which results from eigenstrain components along both the x-and y-directions. 8, 28 (See assumption 3.)
Because the beam is not subjected to any external mechanical loads, the resultant axial force and bending moment on the cross section must be zero. Imposing these conditions on Eqs.
(5a,b) results in the following expressions relating the neutral-axis position and the beam curvature to and : 
Next, a particular constitutive law will be introduced so that the coating stresses and strains may be related. Using the three-parameter solid model for the coating material, the stress and stress-related strain in the coating are related by The strain in the coating may be expressed in terms of the coating stresses by substituting Eqs. (6) and (7) into (4a). When the resulting strain expression is placed into Eq.
(8), the latter may be evaluated at the top and bottom of the coating. This yields the equations governing and for a specified coating eigenstrain :
where The following normalized quantities have been introduced to render the governing equations dimensionless:
[The "dot" notation in Eq. (9) denotes differentiation with respect to t .] The assumption that the system is initially stress-free leads to the following initial conditions:
Equations (9) and (12) represent an initial value problem (IVP) that may be solved for a 
[ ]
where The dimensionless formulation is convenient as it clearly illustrates that, for a given eigenstrain history,
, the history of any normalized response quantity (stress, strain, curvature) depends on only three normalized parameters: the thickness ratio β and the normalized biaxial coating moduli, 0 M and M ∞ .
By virtue of the assumptions that the deformation is small and the eigenstrain is uniform , the curvature may be integrated twice with respect to x to yield the deflection at the free end:
This may be expressed in dimensionless form as
in which
. Thus, the dimensionless curvature is the same as the normalized tip deflection.
IV. ANALYTICAL SOLUTIONS
A. Assumed Loading: Exponential Coating Eigenstrain History
In order to solve the IVP a specific form of eigenstrain must be assumed. A plausible form is , 
where
is the "relative time constant" of the eigenstrain history with respect to the coating relaxation. reduces to a step-function, shall be referred to as the "rapid-eigenstrain" case.
B. Exact Solution for Arbitrary Coating Thickness
An exact solution to the IVP may be obtained by classical means when the input eigenstrain is given by Eq. (16b). One may confirm by direct substitution into Eqs. (9) and (12) that the exact solution may be expressed as 
(2 2 )( )
Letting t → ∞ in Eqs. (18a,b) leads to the following steady-state values of the coating stresses and the curvature:
Note that Eq. (20c) is consistent with published generalizations of Stoney's formula for thick elastic coatings, 7, 13, 31 provided that the coating is assigned a biaxial modulus of M ∞ .
As can be seen from Eq. (19a), the form of solution is degenerate for the case of 
C. Rapid-Eigenstrain Solution (
The rapid-eigenstrain solution may be obtained by taking the 0 τ → limit of the general solution [Eqs. (18) and (19) ], in which case the time-dependence of the response is due solely to the coating relaxation. As a result, both the coating stresses and the curvature instantaneously reach their maxima at time zero, and these maxima correspond to an initial elastic response; thereafter, the response decreases monotonically as the coating relaxes. 
D. Thin-Coating Solution
First-Order Approximate Solution
While numerical results may easily be generated from the exact solution for a general exponential eigenstrain, the complexity of the solution form may hide relatively simple relationships that exist in cases of practical interest. In particular, for MC-based chemical sensor applications the viscoelastic (e.g., polymer) coating is often relatively thin in comparison with the elastic (e.g., silicon) base layer. Therefore, a thin-coating approximation for the beam response will be pursued. Such an approximate solution may be obtained by expanding the exact solution in powers of β and ignoring higher-order terms.
In this section approximate results for both the curvature and stress histories will be presented. These results will be denoted as a "first-order solution" because all terms of order , will be ignored in the curvature expansion. For consistency, the order of the corresponding approximate stress will be one degree lower than that of the curvature, as 
Note that this solution yields equal stresses at the top and bottom of the coating, i.e., the coating stress is approximated as uniform; thus, by Eq. (13), the neutral axis is fixed and given by 
First-Order Solution with Asymptotic Correction
The first-order solution may be improved by recognizing that the exact steady-state results are known and take relatively simple forms [Eqs. (20a-c) ]. This knowledge enables one to apply multiplicative correction factors to the first-order results, thereby ensuring that they are exact in the limit as t → ∞ . The resulting approximate solution will be referred to as the "corrected first-order solution." The coating stresses of the corrected solution may be obtained by multiplying Eq. (22a) by the following correction factors to obtain, respectively, the stress histories at the bottom and top of the coating: 
Because all correction factors are as
β → , their application to the (uncorrected) first-order solution does not alter the order of the error terms. Also note that, prior to applying the correction factors, the first-order solution predicts uniform coating stresses; however, the corrected solution yields unequal stresses at the top and bottom of the coating, i.e., a nonuniform coating stress distribution, which is consistent with the linear distribution exhibited by the exact solution.
Overshoot Criterion/Characteristics
The qualitative behavior of the theoretical beam response due to an exponential eigenstrain may be classified as one of two types. In some cases the response monotonically increases with time while in others it exhibits an overshoot phenomenon. The observation of both types of response signatures in MC sensor data (e.g., Fig. 1 ) 1, 26, 27 provides the motivation to seek a simple mechanics-based criterion by which the response type may easily be predicted.
In addition, such a criterion could be useful in (a) extracting a system parameter from a response signature or (b) in the case of sensor applications, correlating transient response characteristics to ambient analyte concentration. In this section a simple overshoot criterion will be derived for predicting the response type, as will expressions for the overshoot ratio (OSR) and the "critical time" at which the peak response occurs.
Due to the complexity of the exact solution, derivation of an exact overshoot criterion is not feasible. However, the first-order approximate solution is relatively simple and, thus, conducive to the development of a corresponding overshoot criterion. A straightforward analysis of the first-order solution [Eq. (22b) or its "corrected" counterpart] leads to the overshoot criterion summarized below. While this criterion will, strictly speaking, only be valid for relatively thin coatings, it may also provide a useful guideline for understanding the behavior of systems with thicker coatings.
Overshoot Criterion (based on first-order solution): Overshoot (in the curvature or stress response) occurs if and only if the coating may experience relaxation (i.e., ) and
where ϑ is deemed the "overshoot parameter."
When the value of the overshoot parameter is unity, the system response is on the "boundary" between overshoot and monotonic responses. Values greater than unity correspond to overshoot behavior, with larger values representing more significant overshoot. Thus, parameter ϑ may be interpreted as a figure of merit with regard to the tendency of a particular coated beam to exhibit overshoot in response to a particular exponential coating eigenstrain history.
When overshoot does occur, a straightforward analysis of Eq. (22a) or (22b) leads to an expression for estimating the "critical time" at which the maximum stress or curvature occurs: 
and interpreted as follows: overshoot will occur if and only if the relative eigenstrain rate is larger than the relaxation ratio of the coating. Thus, the overshoot phenomenon is governed by the relative magnitude of the two competing rates -the eigenstrain rate and the coating relaxation rate. In particular, if the coating material is capable of full relaxation (
the response will exhibit overshoot regardless of the relative eigenstrain rate. This is to be expected since the steady-state curvature in this case must be zero because the fully relaxed coating cannot transfer stress to the base layer; therefore, any transient curvature that occurs prior to complete relaxation of the coating must necessarily exceed the zero steady-state value.
The overshoot criterion may be written in an even simpler form if one notes that the creep time constant, C τ , of the coating material (corresponding to the strain history caused by a stepfunction biaxial stress) is related to the relaxation time constant, R τ , by
which means that the overshoot criterion (24) may be expressed as
i.e., overshoot is governed by the relative magnitudes of the creep and eigenstrain time constants of the coating.
In examining Eqs. (25) and (26) (27) and (28) 
V. NUMERICAL RESULTS AND DISCUSSION
Numerical results for the case of exponential coating eigenstrain will now be presented.
Results corresponding to the exact and thin-coating solutions will be included. For all of the time-history plots presented, dimensionless quantities will be utilized in order to increase the generality of the results. Normalized time-histories of both curvature (deflection) and stress will be plotted for fixed values of the four dimensionless parameters, 2 1 In order to limit the number of figures, all results will correspond to the following input values unless stated otherwise: β =0.1 and 0.5 (thin and thick coatings); 0 M =0.1 (relatively flexible coating material); ρ =0.1 and 0.5 (10% and 50% coating relaxation); and τ =0, 0.1, 0.5, 1, 2, and 5. Thus, the τ values range from the rapid eigenstrain (or slow relaxation) case to a very slow eigenstrain (or rapid relaxation) case. Results may easily be generated for other parameter values.
Exact Results for Beam Deformation:
The exact time-histories of the beam deformation, shown in Figs. 5a-d, were generated using Eqs. (18) and (19) and, as was true for the curvature, the first-order overshoot criterion is able to predict if overshoot exists in the stress histories. All previous comments regarding curvature overshoot also apply to the stress histories.
The plots in Figs. 6a,b illustrate that the stresses at the top and bottom of the coating are essentially identical for the relatively thin coating ( β =0.1), i.e., the coating stress is uniform.
However, for the thicker coating case ( β =0.5) of Figs. 6c,d , the coating stress is clearly nonuniform as indicated by the different values of stress at the top and bottom of the coating.
Comparing the results of these latter two figures shows that, as ρ increases (more coating relaxation), the stresses tend to become more uniform throughout the coating. Also noteworthy is that, unlike the curvature magnitude, the coating stress magnitude does not change significantly as β changes from 0.1 to 0.5. This is a reflection of the fact that the leading term as the coating thickness is increased (Figs. 7c,d ) and the uncorrected solution exhibits significant departure from the exact response. However, the corrected solution shows marked improvement.
When the response is monotonic (Fig. 7d) , the corrected solution is virtually exact, even for the thick coating case. When the response includes overshoot (Fig. 7c) , the corrected solution still contains some residual error that is concentrated near the response peak, resulting in an overestimation of the exact response. Nevertheless, the corrected solution is still quite good. 
First-Order Estimate for cr t :
When the coating thickness is sufficiently small, the analytical result [Eq. (25) ] may be used to obtain an accurate estimate of the critical time, cr t , in terms of only two dimensionless parameters, τ and ρ , i.e., the time of the peak response is independent of β and 0
M . Using
Eqs. (24), (25) , and (31) enables one to obtain the desired analytical expression for cr t , the results of which are shown in Fig. 8 . The curves clearly show that the peak response occurs earlier as τ decreases or ρ increases. Thus, for a fixed value of R τ , either of the following will result in an earlier peak response: (a) an increase in the coating eigenstrain rate (decrease in ε 
First-Order Estimate for Overshoot Ratio:
The dependence of the overshoot ratio on the system and load parameters will now be examined, as will the accuracy of the simple first-order estimate [Eq. (26) ]. In Fig. 9 both the exact and approximate values of the OSR are plotted vs. τ for thin and thick coatings and for 10%, 30%, and 50% coating relaxation. As noted earlier, when τ increases beyond a particular value, the response is monotonic and, thus, the OSR=1. The figure illustrates that the OSR increases as τ decreases, as ρ increases, and (to a lesser extent) as β decreases, reflecting in a more succinct manner the trends that were observed earlier in the time-history plots. Also apparent is that the simple analytical estimate for the OSR gives an excellent result in the thincoating case ( β =0.1) for the coating relaxations considered, exceeding the exact OSR by no more than 2.3%, regardless of the rate at which the eigenstrain occurs. For the thick coating ( β =0.5), the approximate formula overestimates the exact OSR, with the error magnitude tending to increase as ρ increases and as τ decreases. This results in a maximum relative error of 17% for ρ =0.5 and τ =0. Therefore, for coatings that are thick and/or have a large amount o relaxation, the first-order OSR formula should be used judiciously in estimating the OSR val Also, the accuracy of the first-order formula is expected to decrease as stiffer coatings 
Rapid-Eigenstrain Formula for Overshoot Ratio:
For those cases in which coating eigenstrain occurs very quickly (small τ ), one need not resort to using the first-order OSR formula. Recall that a simple exact OSR formula was derived . Hence, this formula can be used over a very broad range of system parameters to predict the OSR when the eigenstrain rate (e.g., analyte sorption rate in microcantilever sensor applications) is much higher than the relaxation rate of the coating material.
VI. SUMMARY, CONCLUSIONS, AND FUTURE WORK
The initial-value problem governing the quasi-static deformation of an elastic cantilever with viscoelastic (three-parameter solid) coating, subjected to an arbitrary, time-dependent coating eigenstrain, has been formulated. modifications to the present model to incorporate such effects; [35] [36] [37] (d) generalization of the model to include through-thickness variation of coating eigenstrain, analogous to the elastic model derived by Freund, 10, 12 and (e) extension of the model to include the effects of interfacial slip. Regarding the latter, prior work related to elastic and elastic/perfectly plastic systems may provide a useful point of departure. 18, 38 In addition, the form of the present solution suggests that it may be applicable to more general coated-cantilever systems whose behaviors are 
